In this manuscript, we discuss the influence of surface and interface stress on the elastic field of a nanoparticle, embedded in a finite spherical substrate. We consider an axially symmetric traction field acting along the outer boundary of the substrate and a non-shear uniform eigenstrain field inside the particle. As a result of axial symmetry, two Papkovitch-Neuber displacement potential functions are sufficient to represent the elastic solution. The surface and interface stress effects are fully represented utilizing Gurtin and Murdoch's theory of surface and interface elasticity. These effects modify the traction-continuity boundary conditions associated with the classical continuum elasticity theory. A complete methodology is presented resulting in the solution of the elastostatic Navier's equations. In contrast to the classical solution, the modified version introduces additional dependencies on the size of the nanoparticles as well as the surface and interface material properties.
Introduction
Crystal defects such as vacancies, interstitials, dislocations, grain boundaries and stacking faults are introduced when periodic arrangements of atoms or ions are not maintained. In the micromechanical study of solids, these defects have been often modeled as inclusions and inhomogeneities [1, 2] . Eshelby's inclusion and inhomogeneity theory [3, 4, 5] has been widely used to address such problems and has served as the foundation of micromechanics. The validity of Eshelby's solution relies on the size of the ellipsoidal inclusion and inhomogeneity, i.e. the relative length scale of the semi-axes of the embedded ellipsoid, compared to the surrounding medium. The theory is appropriate when it models an unbounded substrate and the absolute size of the ellipsoidal inhomogeneity is relatively large (typically larger than 100 nanometers (nm)). In many practical applications, however, these two conditions are not satisfied, which necessitates the development of alternative methodologies.
In engineering applications such as the fabrication of ordered two-and three-dimensional quantum dots [6] and nano-composite materials [7, 8] the substrate phase has a finite size and the corresponding edge effects become considerable. As a result, modifications must be made to Eshelby's inhomogeneity theory to accommodate these boundary effects. In the last few decades, a number of researchers have contributed their efforts in investigating inclusion and inhomogeneity problems beyond the full-space geometry. Mindlin and Cheng [9] first studied the thermoelastic stress in a semi-infinite solid. Tsuchida et al. [10, 11, 12] derived three dimensional solutions for displacements and stresses in a thick plate with a spherical cavity under various loading conditions. The eigenstrain problems associated with finite domains have also been addressed by several authors [13, 14, 15, 16] .
Inclusions and inhomogeneities with at least one dimension measured in nanometers are commonly referred to as nanoparticles. At such a small length scale, the elastic fields for both the nanoparticle and the encompassing medium depend on the absolute size of the particle [17, 18, 19] . The discovery originated from the distinct properties of the substrate/nanoparticle interface, compared to its associated bulk interior, which is then further strengthened by the convex-curvature effect of the interface. Actually, this phenomenon is not new and has been identified for a fluidic interface long time ago [20] ; it is called Laplace-Young Effect therein. The associated Laplace-Young equation, ∆P = 2f /a, describes the force balance condition across a spherical interface, separating two fluid phases. The pressure difference ∆P across the interface is equilibrated by twice the ratio of the fluid/fluid interface stress f over the fluid inclusion radius. A generalized version of the Laplace-Young Equation for interfaces separating two solid bodies, along with a constitutive equation relating the interface stress and interface strain tensors have been established by Gurtin, Murdoch and their co-authors [21, 22, 23] . These basic equations governing the mechanical behavior of solid surfaces and interfaces are referred to as the theories of surface and interface elasticity. The applications in nanomechanics include studies of inclusions and inhomogeneities embedded in infinite solids [17, 18, 19, 24, 25] , semi-infinite elastic media [26, 27] and film substrates [28] .
The objective of the present manuscript is to further extend this theoretical framework for a nanoparticle embedded in a finite spherical domain. Axially symmetric tension and eigenstrain loading are considered simultaneously. The Papkovitch-Neuber displacement potentials formulation [29] , coupled with Gurtin and Murdoch's theory of surface and interface elasticity [21, 22, 23] yield an analytical solution. Compared to classical elasticity, Gurtin and Murdoch's formulation of elasticity has substantially increased the mathematical complexity and a curvilinear analysis for a Euclidean spherical interface becomes essential. The necessary mathematical background is addressed in the next section, along with a brief presentation of the method of displacement potentials. Gurtin and Murdoch's interface stress boundary conditions are utilized in Section 3 to derive the elastic states for the nanoparticle and the finite matrix. The closed-form solution for the case of centro-symmetric loading is given together with its classical version (without the influence of the interface stresses). A few numerical examples are presented in Section 4 to illustrate the effects of both the matrix/nanoparticle interface and the matrix outer surface. The last section presents the conclusions resulting from the analytical solution and the related numerical examples.
Displacement formulation and interface elasticity
We consider the inhomogeneity problem in a finite spherical domain. The geometry, definition of the coordinate system, material properties, and loading conditions are described in Fig. 1 . A spherical nanoparticle of radius a is embedded at the center of a spherical substrate with radius b. For simplicity, both domains are treated as isotropic and linearly elastic solids. Their material properties are represented by the shear modulus G and Poisson's ratio ν, where the quantities denoted by an overbar refer to the inhomogeneity. Due to the symmetry of the problem, spherical coordinates (R, θ, ϕ) are preferred. Geometric relations associated with Cartesian coordinates (x, y, z) and the cylindrical system (r, θ, z) are also illustrated in Fig. 1 . An axially symmetric tension field (T x = T y , T z ) is applied along the outer boundary of the matrix. For the eigenstrain loading sustained by the inhomogeneity we consider a non-shear thermal expansion (ε * x = ε * y , ε * z ). The z-axis serves as the axis of symmetry for the applied loads. Following Gurtin and Murdoch's theory of linear surface and interface elasticity, both the matrix/nanoparticle interface (R = a) and the outer boundary (R = b) are treated as two-dimensional curvilinear thin films with an infinitesimal thickness. Three material constants, the residual interface stress (τ 0 ) and the Lamé constants (λ 0 and µ 0 ), represent the properties of the interface. For the spherical outer boundary we use the same symbols, but with an additional subscript f .
In the absence of body forces, equations of equilibrium in terms of displacements for linearly elastic and isotropic materials are expressed as [29] :
where u i represent the components of the displacement field and commas in subscripts denote partial differentiation. Einstein's summation rule over repeated indices is applicable unless otherwise stated. By convention, the Roman indices denote variables belonging to bulk domains and assume values from 1 to 3. The present problem is characterized by torsionless axisymmetry with respect to the z-axis. In such a simplified case, the displacement vector in equation (1) admits only two harmonic potential functions (φ 0 and φ 3 ) [29] . In terms of spherical coordinates (R, θ, ϕ), the displacement field assumes the form:
where µ = cos ϕ. Note that the azimuthal component of the displacements vanishes, since neither of the potentials is a function of the coordinate variable θ. Both φ 0 and φ 3 are harmonic functions and thus satisfy the threedimensional Laplace equation. The most general spherical harmonics which are independent of θ are of the form [30] :
where A n and B n are coefficients and P n (µ) denotes the Legendre polynomial of degree n.
In terms of the displacement field, the strain tensor is given by:
Hooke's law is expressed through:
where δ ij denote the Kronecker delta operator. Based on the basic solutions for spherical harmonics (3) and in view of the axial-symmetry properties of both the domain and the loading conditions ( Fig.  1) , we construct the general solution of the present problem via three sets of displacement potentials
for the finite spherical matrix (a < R < b), and an additional set
for the nanoparticle (R < a). Here all the spherical harmonic coefficients A n , B n , C n , D n ,Ā n andB n have been normalized to be dimensionless through the shear moduli and the spherical nanoparticle size. These coefficients are to be determined using the boundary conditions. Equation (6) represents the axially symmetric tension field applied at the outer boundary of the spherical matrix ( Fig. 1 ). The remaining three potential sets represent the disturbance due to the presence of the inhomogeneous particle and the eigenstrain field it sustains. Potential set (7) is a valid solution for an infinite domain containing a spherical cavity, while (8) and (9) correspond to finite spherical domains without any singularities. We need both (7) and (8) for the matrix, since a spherical layer may be viewed as a common region of the two domains just mentioned.
On the other hand, it is well recognized that surfaces and interfaces in solids exhibit a behavior different from the bulk phases. Different material constants are utilized to describe their thermodynamic and mechanical behavior. A surface can be viewed as a special case of an interface dividing an elastic solid and a vacuum phase. The theory of surface and interface elasticity was systematically established by Gurtin, Murdoch and their coauthors [21, 22, 23] . The basic equations include the definition for the interface strain tensor, the interface constitutive relation and the traction-discontinuity condition across the interface:
In this formulation, the interface strain (E αβ ) is defined as the average value ( ) of the two bulk stains projected onto the interface. In a manner analogous to its bulk counterpart (5), the interface constitutive equation (11) assumes a linear relationship between the interface strain and interface stress tensor, in terms of three interface constants (τ 0 , λ 0 and µ 0 ). In contrast to the classical continuum elasticity, the traction field becomes discontinuous across the interface. The discontinuity (denoted by []) is mechanically balanced by the interface stress effects. As discussed in the introduction, equation (12) is basically a generalized version of the Laplace-Young equation [20] . As the condition is extended to solid interfaces, shear components emerges due to the ability of solids to sustain shear stresses. The Greek indices indicate field quantities defined on surfaces and assume values from 1 to 2.
In coupling the interface elasticity with the classical theory of elasticity, the primary challenges come from the evaluation of the interface gradient of the displacement vector (∇ S u) and the interface divergence of the interface stress tensor (∇ S · Σ ). According to Gurtin et al. [23] , ∇ S u is a superficial tensor field. Upon operating on a vector field, the vector's components that are normal to the interface are annihilated. ∇ S · Σ balances the traction discontinuity across the interface defined by the unit normal n i . Its explicit expression in terms of the interface stress tensor is given as:
The evaluation may be implemented as necessary at either the matrix/particle interface (R = a) or the matrix outer boundary (R = b). The elastic part of ∇ S · Σ is due to potentials φ 0 and φ 3 in (6)- (9) and can be expressed in terms of them by substituting equations (2),(4),(10) and (11) into equation (13) .
The boundary conditions at the matrix/particle interface include displacement continuity condition and the interface stress boundary condition (12) . From equation (11) , the interface stress depends on the interface strain and hence it depends on the bulk strain field through equation (10) . Therefore, both the elastic strains and the non-elastic strains contribute to the interface divergence vector. As a result, the boundary conditions along the spherical interface (R = a) can be written in the following form:
where the vector components of the interface divergence are given implicitly by (13) . The non-elastic part of the interface divergence vector (∇ S · Σ * ) can be obtained by substituting the eigenstrain field (ε * x = ε * y and ε * z ), (10) and (11) into equation (13):
where P n (µ) denotes the derivative of P n (µ) with respect to its argument and the three interface length scale parameters are defined as:
The corresponding non-elastic displacement components inside the nanoparticle are given by:
The boundary condition at the matrix outer boundary (R = b) is represented by the traction discontinuity equation (12):
The additional subscript f in the divergence vector (∇ S · Σ) suggests that the evaluation of equations (13) should be made at the spherical surface (R = b).
Solution of the problem
The total displacements and stresses in the finite matrix are obtained by superposing equations (6)- (8), while those in the nanoparticle are given by equation (9) and the non-elastic displacement components (17) . The total interface divergence vector at R = a includes the contributions from equations (6)-(9) and the non-elastic part (15) . The surface divergence vector at the matrix outer boundary R = b is relatively simple and only due to potential sets (6)- (8) . The geometric and loading symmetry result in the coefficients (A n , B n , C n , D n ,Ā n andB n ) vanishing for n 2. Therefore, only the first two terms (n = 0, 1) of the six series representations in equations (7)- (9) are needed for the final solution. Numerical calculations implemented for large n ( 10) confirm this conclusion. Upon evaluating the displacements and stresses, enforcing the boundary conditions (14) and (18), and equating the coefficients preceding the Legendre polynomials (P 0 (µ) and P 2 (µ)) and their derivatives (P 2 (µ)) we obtain twelve independent linear algebraic equations leading to the unknown dimensionless coefficients (A 0 , A 1 , B 0 , B 1 , C 0 , C 1 , D 0 , D 1 ,Ā 0 ,Ā 1 ,B 0 and B 1 ). Solving these twelve linear equations yields the complete solution of the three-dimensional elastic problem under consideration. The displacements and stresses for the matrix and the particle are readily obtained by substitution of the dimensionless parameters. The explicit expressions for the solution, however, are quite lengthy and thus not included here. Instead, we choose to explore a few numerical examples for the case in Section 4. For the time being, we proceed to develop a closed-form solution for a special case corresponding to the centro-symmetric loading condition, i.e. (T x = T y = T z = T and ε * x = ε * y = ε * z = ε * ). Under this assumption, the solutions assume a much simpler form involving only six independent equations for six unknowns (A 0 , B 0 , C 0 , D 0 ,Ā 0 andB 0 ), which yield:
where (31)- (34) reveals that the surface and interface effects are not likely to influence the order of magnitude of these dimensionless constants. According to the atomistic calculations by Shenoy [31] and Mi et al. [32] , the surface and interface material constants (τ 0 , λ 0 and µ 0 ) are generally of the order of Newton per meter. Considering that the shear modulus of metal species is about a few tens of Gigapascal, then the length scale parameters in (16) and (35) are about the order of one-tenth nanometer. Therefore, the dimensionless (χ 3 /a and χ f 3 /b) are at least one order less than unity, provided that the embedded particle has a radius > nm. To conclude, the surface and interface elastic constants have negligible impact on the magnitude of these constants. However, the surface and interface stress effects enter the final solution through terms involving τ 0 and τ f 0 in equation (19) . These terms would otherwise vanish in the absence of surface and interface elasticity. The significance of the surface and interface effects can be measured by four dimensionless factors: τ 0 /aT , τ f 0 /bT , τ 0 /aGε * and τ f 0 /bGε * . The first two are for the case of tension applied at R = b while the latter two refer to eigenstrains inside the nanoparticle. As any of these significance factors approaches to unity, the surface and/or interface stress effects cannot be neglected and must be included in the final solution. It can be easily seen that the smaller the domain size, the more significant the surface and interface elasticity will become. From the above analysis, it is also apparent that the most important contribution of the surface and interface elasticity comes from the residual surface (τ 0 ) and interface stress (τ f 0 ).
With the solution of the dimensionless unknowns, as presented in equation (19) , the non-zero components of the displacements and the stresses in the finite spherical matrix domain are given by:
The corresponding displacements and stresses inside the spherical nanoparticle read:ū
As expected, when the surface and interface stress effects are neglected, the solutions in equations (20)- (24) converge to the classical solutions of a spherical inhomogeneity, embedded concentrically inside a finite spherical domain:
where the common parameters M and N are given by:
The solutions for other special cases can be derived in a straightforward manner. For example, the corresponding inclusion problem is solved by equating the material properties of the matrix to those of the inhomogeneity (Γ = 1 andν = ν) in equation (19) for the hydrostatic loading condition. In addition, the solutions for the inclusion and inhomogeneity problems associated with an infinite substrate, as studied in [17, 18, 19, 25] , can be readily derived by extending the radius of the spherical matrix to infinity (b → ∞).
Results and discussion
Numerical results were obtained to demonstrate the influence of the surface stress effects at the matrix outer boundary and the interface stress effects at the matrix/particle interface. In addition to the loading conditions, the governing parameters are the shear modulus of the matrix (G), shear moduli ratio (Γ), particle size (a), radius of the spherical matrix (b) and the material constants of the surface and interface (λ 0 , µ 0 , τ 0 , λ f 0 , µ f 0 and τ f 0 ). Until recently, there has been a limited availability of these constants. Based on the embedded atom method (EAM), Shenoy [31] calculated the surface elastic tensor for seven fcc metals. The surface Lamé constants used in the constitutive equation (11) may be approximated from this tensor. More recently, Mi et al. [32] has extended this study to noncoherent metallic bilayers. Naturally, the interface Lamé constants are better described by the calculated interface elastic tensor. We chose to take advantage of this and simulate the present problem as a finite spherical silver matrix containing a nickel nanoparticle. The Ag/Ni interface material constants are derived from the interface elastic tensor for a close-packed {111} Ag/Ni interface [32] Under the framework of the classical continuum theory of elasticity, the normalized solution of the inclusion and inhomogeneity problem is independent of the particle size. However, the surface and interface stress effects introduce dependencies on parameters in addition to the shear moduli ratio and the size ratio b/a, as presented in equations (20)- (24) . Fig. 2 shows the distribution of the radial stress along the Ag/Ni spherical interface for four radii ratios. The loading condition corresponds to an axially symmetric tension field (T x = T y = 50 MPa and T z = 100 MPa) applied at R = b and a dilatational eigenstrain field (ε * x = ε * y = ε * z = 1%). The size of the nickel particle has been fixed at a = 10 nm. Under these assumptions, the interface effects significance factors take values that are comparable to unity: τ 0 /aT z = 0.4 and τ 0 /aGε * = 0.26. These numbers suggest that under the same loading conditions the disturbance due to surface and interface effects is significant only for nanosized particles. From Fig. 2 , it is obvious that the effects of the surface (R = b) on the radial stress component are primarily a function of the matrix size (b). The most significant influence on the classical solution comes from the smallest matrix size (b = 2a). The same conclusion can be made for the radial stress sustained by the nickel particle, as shown in Ag/Ni interface, which is valid for the classical solution, is violated due to the influence of the surface and interface stress effects. To examine the stress distribution in the vicinity of the nanoparticle, calculations were carried out along three particular radial directions (ϕ = 0, π/4, π/2) for a nickel particle of radius 10 nm embedded in a silver matrix with b = 40 nm (Fig. 4) . The same loading condition is assumed. As expected, stresses corresponding to the classical solutions are constant inside the nickel particle and converge to the applied tension field (T z , (T z + T x )/2, T x ) toward the free surface along ϕ = 0, π/4, π/2 respectively. The traction discontinuity for the modified solutions is apparent at the Ag/Ni interface. The jump is balanced by the interface divergence of the interface stress. The three directions seem to have an equivalent dependence on the surface and interface elasticity.
One of the difficulties associated with the present problem is the large number of parameters. As seen from the expressions for surface and interface effects significance factors, the loading conditions may also strengthen or weaken the effects of surface and interface elasticity. For example, the stress concentration factor around a nanovoid embedded in an infinite substrate was found to depend significantly on the far-field tension [25, 34] . 
Concluding Remarks
In this manuscript, the axisymmetric problem of a spherical nanoparticle embedded in a finite spherical elastic body is solved. The surface stress effects at the finite matrix outer boundary and the interface stress effects at the matrix/particle interface are fully represented by coupling Gurtin and Murdoch's surface and interface elasticity theory with the classical Papkovitch-Neuber displacement potentials methodology. The outer boundary of the matrix and the matrix/particle interface are simulated as two dimensional spherical thin films bordered with the bulk phases. These surfaces and interfaces have specialized material constants describing their mechanical response. When integrated with curvature effects, the surface and interface stresses substantially modify the elastic field predicted by the classical theory of elasticity. The significance of surface and interface effects can be principally described by the four significance factors: τ 0 /aT , τ f 0 /bT , τ 0 /aGε * and τ f 0 /bGε * . In addition to the closed form solutions for the case of centro-symmetric loading, several numerical examples are presented for an Ag/Ni system under axial symmetric tension applied at the outer boundary of the silver matrix and a dilatational eigenstrain field specified inside the nickel particle. analytical and numerical studies, a few important observations can be made. The size-dependent property of the inclusion and inhomogeneity problem is verified. The solution depends not only on the radii ratio (b/a) but more importantly on the absolute size of the particle and matrix. If their sizes are measured in nanometers, the impact of surface and interface stress effects becomes significant. This conclusion may have implications on the fabrication of ordered nanostructures, since most of the associated structural elements are nanoparticles and quantum dots. The large surface-to-volume ratio yields a significant surface stress, which is in turn strengthened by the high curvature of the surface. Furthermore, the effect of the surface and interface elasticity strongly depends on the stiffness of the nanoparticle as well as the magnitude of the external loading.
